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A DISSIPATION-DISPERSION TURBULENCE THEORY

AND ITS MODIFIED k-¢ MODEL
Gao Ge (Beijing Unuwersily of Aervwmutcs und Astromautics)

Abstract Based on the perturbation equation of the Naviet-Stokes equation and the inswuability analysis of
strongly nonlinear flow, a set of new control equations is presented featuring the interaction between dissipation '
and dispetsion of turbulence. Three eatra terms representing respectiveiy the effects of extra strains, rotation and
disoersion on the turbulent stresses introduced into the momentum equation. The defects of the original k-2 mode]
are removed rainly by introduciag new saocce termt. This modified k-2 mode! has advantages of s.mplicity, self-
corsistency and clarity of physics Tt s ab.e to handic complea fiows and provides new perspectives for looking at
a diversity of turbulence probienws, such as intermuttency, cohierent structures, anisotropy , wrbulent energy inver-
sicn and the cut-off of turbLlencs spectra.

Titroduction

There are twa bas;c drectizns for starictical turbulence modelling ., first tc average, then to analyzey o:
preciselv the reverse. The first way is the well- known Reynolds average approach, which results in un-
Closed egu wdons. Turbulencr models for closing the Rexnolds equation. so far, are not entirely satisfacue
ry. As for the second direction, owing (o the intractability of the non-linear hydrodvnamic equations,
hardly anyone has followed it.

Ncwadays a new science is booming whivh has been called the third great scientific revolution of the
20% cettury alang with relativity and quanturn mechanics. Nonlinear science also sheds light on the analy -
sis of the hydrodynamic equations. Based on the concept of fractal dynamics, a new method for analyzing
s‘rongly nonlinear equations is proposed. Fracta! dynamics claims that random recurrent behaviour gives
rise to a remarkable family of patterrs, which apnear on differen: scales at the same time with abrupt
ooundaries and sudden transitions. The quasi-s¢!f-similar patierns mean that the recurrent behaviour mus:
be dominated by the same non-linear equatior but with i ferent scales at the same time. This idea suggestis
a general analytical method for nosi-lineat equations as follows;

1) Multiply the original ¢quation bty dimensionless disnlacements of different scales.

2) Distinguish active and passive terms by tability or virtual-work analysis, the active terms being
r~sponsible for work production, the pass.ve for wore redistribution.

3) Add the active terms te the original equation to give a hew eguation which is able to describe the
average behaviour with higher accuracy.

The general method has been used for analyvzing both the instantaneous Navier-Stokes equation and the
averaged Euler equation bv Gao™ . The analviical results provide important inicators for modelling
Rexnolls stress terms and o smaprov ing the prodacting terms of the kinetic energy eguation and the kinetic
encrgy dissipation equation.

In order to obtain a better t. Hulence mode!l, we mus: also pay artenticn tu the following facts.

1) The discovery of cchiersnt or organizad siructures 1n turbulent flow shows that turbulence is
absulutely a stochastic process, 50 it cannot be solved satistacoriiy nrerely with the concept of dissipation.

2) Turbulent eddies simultaneous!s possess the properties of dissipation and dispersion. Miles showed
that in a continuous stratified shear flow there exists an aggregation of innumerable discrete solitary
wavelets:*). C. C. Lin suggested thut turbulence possessas the duatity of wave and particle which is closely re-
luted to energy inversion™l. G. Gao showed that there must exist some dispersion terms in the momenturn
squation of turbulent flow to capture the dispersive property of turbulence '-.

3) Turbulence energy inversion plays the rele of another sink of turbulent energy besides dissipavor:.
Since dissipation implies a generalized entropy rise, it excludes the possibility of energy inversion. Howev-
er. possessing the duality of wave and particle, dispersion allows energy to be either positive or negative.

4) Intermittency offers another mysterious phenomenon of turbulence. In investigation of the
canonical Burgers-K-dV equation, it has been shown that intermittency belongs to the results of the compo-
site spatio-temporal instability. It is also one of the main properties of dissipation-dispersion interaction.

In the present development we attempt to take the above-mentioned phenomena into consideratior.

First reported on the CFD Symposium at UMIST Marchester ,U. K. Aprd 1988, revision reczived december 1988. Copy
right  Journa! of Aerospace Power 1988, All right reserved
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It is obvious that by includinz the effects of strain, vortcity, d:spcrsxun and stretching processss, equaiion
(7) can display non-isotropic fzatures.

The effect of stretching on anisotropy gives an explanation for relaminarization. When turbulent flow
accclerates violently, turbulence intensity may drop down and the flow finally returns to laminar, Accord-
ing tc the production term ¥ in G,. stretching of sireamlines always decreases the turbulent kinetic energy
production, while compression of streamlines always increases the production. When stretching is strong e-
nough, G, becomes zero, but stretching does not influence G, since there is no streiching term ir. G,. A nat-
ural result is that the kinetic energy of turbulence rapidly decays leading to a laminar fiow.

The effect of rotation on anisotropy provides a possibility of estimating turbulent intensity accurately in
the places having strong vorticity. According to the production term I in G., rotation always reduces tur-
bulent intensity, but it hardly ever leads to relaminarization. For example, owing to the effect of rotation
on G,, the turbulent intensity in the vortex region decreases and overcomes one of the defects of the original
k-2 model, which usually considerably overpredicts turbulent intensity within a vortex. But rotation never
makes a turbulent vortex laminar.

2.  Negative Dispersion and Energy Inversion The action of positive dispersion has been ex-
plained in Ref. [1]. It plays a primitive role in forming turbulence by way of the interaction between dissi-
pation and dispersion. But its effect on turbulence has been included in the experimental coefficient uy of
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previous models before its real importance was recognized. Inheriting the caonventional treatment, we will
not introduce a new positive term in the present modified modet, i.e. Co=0, when X <0.

Partial negative production is not a euphemism for dissipation . It thrusts turbulent energy back into
mean flow and represents another sink of turbulent energy besides dissipation degrading turbulent energy to
heat. The phenomenon is so odd that there has been immediate doubt as ta whether it really exists, but the
experimental evidence is quite unambiguous and there is really no conceptual difficulty. The substance of
negative production is negative dispersion. The negative dispersion force has a special significance to deter-
mine energy inversion or feedback. The following is an example to illustrate its physical meaning.

Superimpose a field of fluctuating eddies on the background of a plane circular vortex field. This com-
posite vortex field is made up of many concentric layers, each containing a population of arbitrary shaped
micro-eddies (Fig. 1). Concentric circles b—b, a—a and c—c are streamlines of the background vortex.
The tangential velocity distribution along the normal of streamline is shown in Fig. 1(b).

Observe two adjacent micro- eddies sandwiched
between streamlines b—b, a-—a and c—c. In the rel-
ative motion each eddy retains vorticity Q due to the
shear layers. Select 0" on 5—b and 0" on ¢-—c respec-
tively as the instantaneous centres of rotation for the
inner and outer eddies. On a—a, the contracling pair
of eddies impacts an upstream disturbing veijocity and
reduces the maximum tangential velocity to u = Q.
The velocity distribution along r across the vortex
core boundary a—a is smoothed into the curve bfc in-
stead of bac. This is the result of vorticity diffusion
due to turbulent viscosity.

Assume that the inner eddy is propagating radial-
ly outwards with disturbing velocity + v, and the
outer eddy is propagating inwards with disturbing ve-
locity — v. Each eddy with its angular velocity £/2
about the intantan«ous centre of rotation w Jl generate
the Coriolis force per unit mass F =% acung in the
same direction of {'y. The Coriolis fcrces in this way Fig. 1 Composite vortex [ield
convert energy of the small scale fluctuating eddies int~ the directed colleciive flow. This is negative disper-
sion or energy inversicn.

On streamline a-—a. the second partial derivative of vorticity with respect to radius #Q/37 reaches its
maximum which produces sirorg negative Jispersion in this region. The excited micro-eddies possess the du-
ality of wave and particle. The.r beha-ioi~ fullows the Schrodinger equation. The field layer on both sides
of a—a containing micro-eddies of scale ¢ may be considered as a "wave guide belt”, Only eddies with a
certain scale or frequency can be rectified inwo directed collective flow. Since the eddies with longer wave
length may penctrate the whole wave guide belt, while eddies with higher frequency within the wave guide
belt may quickly oscillate in two-way, radially outwards and inwards, neither can he orientationally recti-
fied to one direction. Curresponding to the limitnd recufiable freguency scope. turbulent energy inversion
causes a cut-off of the energy spevtra of turbulence, J. Sommeria’s expetimental study of the two-dimern-
sional inverse energy cascade in a square box provides strong evidence of the abeve principle ®.

When the strength of turbulence on opposite sides of the dividing streamline a—a is different, the
amounts of rectified kinetic energy are Jdufferent too. For example. in a Ranyue-Hilsch vortex tube, the
rectified eddies mainly come frem the internal side causing a great drop of siignation temperature inside the
vortex after rectification.

In a near-wall boundary layer, the kinetic energy of disturbance comes only from the above layer
where ejected and lifted fluid breaks down into smaller turbulent eddies and then sweeps down into the lower
layer. Experiments show tha* a sharp peak in rate of production of turbulent energy occurs at the outer edge
of the viscous sublaver at approximately 10— 15 wall units from surface. a region of an inflection in the
instantaneous longitudinal velocity profile. There are violent and frequent ejection and swe 'p motions that
account for approximately 70%; of the turbulent energy production in a boundury layer. The region be-
tween the linear sublaver and the logarithmic-law regivn, say y* =5—15 wall units, has the biggest third-
order derivative of velocity, so that strong negative dispersion occurs in the region. The fluctuating eddies
transported from the above flow into the negative dispersion region are rectified tu a unidirectional flow by
the Coriolis force (Fig. 2) , offering kiretic encrgy forming frequent ejections and maintaining the fullness of
the turbulent boundary layver’s profile. The stronger the intensitv of tutbulenve of the above flow , the larger
the amount of rectified turbufent energy. Therfure. when the turbulence inten<ity of the external layer in-
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creases with rise of disturbance or temperature, the drag of turbulent boundary surface drops.

3. Intermittency The mechanism of inter- _ _
velocity profile

mittency has been shown in Ref. [1] by the compos-

ite spatio-temporal instability of the 1-D canonical B- unstable layer ‘ :

K-dV equation. Intermittency is a direct result of the ‘ o
interaction between dissipation and dispersion. There
must be some intermittent phenomena in calculational
results so long as the control equations contain some
third-order terms. For example. the Large-Eddv Si-
mulation model may have different third-order terms
when its filtering function changes and thus produces
diff.rent intermittent flow patterns. On a real 3-D
turt alent flowfield the instability is more complicated
tha: the 1-D canonical equation, but it stil! belongs to the realm of composite spatic temporal instability.

There are two kinds of in-e~mitien* phenom:na in turbulen: flow. The first reficcts Ui ubiguitous inter-
action between dissipation and positive dispersi -0 It is speculuted on the retical zrouncs that such a phe-
namenaon of intermittency shold be present at b gh wave numbe: anhs wit, finer siruciure.. Mathematica:
ty, the high-wave-number comporar's «rv not very space-fiiling 203 thor disriboaons an space should ir
de~d be sparse. Intemittency appears to be present at all scales throughout turbulent flow . but after averar
ir.g the first kind of intermittency cannot be expressed in any statistical turbulence model since statistic .
methods require the ensemble of flows 10 be ciuse 10 Guassian, 1. e. the structures of the flow are space-fill
ing.

The second kind of intermitiency is relate ! to the organired structures of turculent tiows, which ari.x
frzm the interaction between dissipation and negative dispersion. Negative dispersion collects turbulent ener-
g» to produce orienitated coherent flow , whiie dusspation finally causes the coherent structure to break dowr..
As an accompaniment to this breakdown, a new intermittent large-eddy structure will be formed consis'ing
of a swarm of innumerable discretized smaller turbulent eddies. We may absorb the effects of this kind of
intermittency into a calculation, so long as the negative dispersion terms appear in the turbulence model tc
croate organized structures,

4. Organized Structure One of the major unresolved physical features of turbulent flow is that
turbulence is craracterized by a remarkabie degree of order. Tho study of turolience struciures. whiie
ciearly revealing their presence and importance, has so far not resulted in any new theoreticai idca that di-
rectly assists modelling. At present it seems that in nlace of “theory without structure” we have “structure
without theory”. In fact, the organized structure is another direct resu' ¢ the inieraction between diss.pa
tion and dispersion. A full appreciation of a deterministic and comprehensible chaotic flow behaviour should
bz possible within the framework of the dissi: <" n . ! dispersion coopardtive the.ry of turbulence.

There are two questions pertinent to undersianding the mechanism of organized structures. Firstly,
what kind of force controls the generation, development and final breakdown of the organized structures?
Secondlv, what is the key to maintaining repeatedly periodic structures and retaining a permanent imprint ¢
their initial state? The answer 10 botl. questions i. what the primary cause is negative dispersionn. Te illustiyte
this assertion, let us look at the formation and evolution of the entrainment structures in turbulent free
shear lavers.

There are plenty of homogeneous turbuient eddies produced by the shear stress in a free shear laver.
By a random chance in time and space, due to the negative dispersion and energy inversion, some indjvidu-
al eddies start to absorb the energy of other smalier eddies and gradually become stronger and larger. This is
a typical formation process of the dissipation structure proposed by Prigogine. The extra rotation term in the
momentum equation has the power to adjust the Ul
interval between two large eddies. For example, if

twolarge eddies are located too closely, the turbulent N N
viscosity and its gradient in the middle area increase 1;—} N :/, ™ _ ,\" .
and this makes the rotation term larger and causes the U2 ~ \& AN
two large eddies to separate from one another. The fi- —_— S
nal result is that several dominant vortices align in a ) .
mobile axis systermn with adjustable intervals(Fig. 3). Fig-3 :};?‘:ﬂﬂ"ﬂ?'j'\um" in the interval
A natural result is that some spanwise entrained structures appear in the interval area of vortices.
From the above instance it is seen that if certain velocity, turbulen: viscosity and kinetic encrgyv pro-
files are given, the extra terms in the momentum equation simultaneous!y give a combinped orientation foree
which determines the curling direction of an organized structure.

One of the most complex structures of turbulence s in the wall turbulent ficw. The wall streak struc-

linear sublayer

Fig. 2 Rewtufxcation of eddres 1n rurbulent B L.
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tures and intermittent turbulent production events(bursts) in the near-wall region are generally referred to
as the coherent structures in the wall boundary layer. Negative dispersion also plays a dominant role for the
wall coherent structures. A brief explanation of their is as follows.

1) The Wall Streaks Due to the continuity of flowing fluids. many random disturbances may
cause corresponding solenoidal motions, including isolated vortices and pairs, towards many directions, but
only those vortex filaments which have the same direction as the streamlines may keep long-duration stabili-
ty{!). Absorbing the turbulent energy of the surrounding smaller eddies through negative dispersion, the
randomly produced streamwise vertical motions gradually become stronger until their diameters reach the or-
der of 30'to 40 wall units. Further growth of their diameters is limited by the fact that turbulent intensity
beyond 40 wall units decreases a lot and cannot provide enough turbulent energy to be rectified to overcome
dissipation. The final result is that many individual streamwise vortices with a dimension of the order of 30
to 40 wall units stand side by side as streaks with an average transverse spacing of approximately 80 to 100
wall units. The appearance of the wall streaks is random both in time and in space, but their direction,
structure and scales are deterministic.

2) The Barst Circle As mentioned in section 2, there is a strong negative dispersion region in the
layer of y*="5—15 wall units which absorbs and stores the turbulent energy sweeping down to the near-
wall region and induces ejection. The bursting turbuience production is preceded by the somewhat more
gradual formation in the region y*=20— 30 wall units, where positive dispersion, acting in conjunction
with shearing, becomes the main source of turbuience.

An ejection is always accompanied by a lifting in a peak stage, while a sweep is always accompanied
by a falling in a valley stage. The lifting and falling forces are produced by the extra rotation and stretching
terms in the momentum equation. For instance, when the ejected fluid is accelerating along the longitudinal
direction, due to stretching the turbulent intensity and viscosity are decreasing along the same direction.
The component of the rotation term in ydirection (K,,/2)3w/3z is positive and provides a strong lifting
force. The sweep process is exactly the reverse. A burst cycle consists of an ejection and a sweep. There-
fore ejection and sweep events are about equally numerous. Turbulence burst after an ejection can be main-
ly attributed to the sudden retardation of the ejected fluid in the final stage.

3) The Turbulent Spot A turbulent boundary layer consists of many amalgamated individual
turbulent spots. A turbulent spot again consists of many wall streaks and ejection-sweep cycles. The form
and growth of a turbulent spot are controiled by a destabilization process. therefore, the ensemble diamond
form of a turbulent spot must be covered by a stable film of fluid under which there is a variety of coherent
structures. The turbulent energy production is zero on and beyond the hood. Letting G,=0 be an equation
and neglecting small terms in it, we may directly get a solution 1o express the irrotational motion around a
spot. A surprising result is that the irrotational motion is composed of a diamond curved surface which is
just like an intact turbulent spot.

So far, it seems that the dissipation-dispersion cooperative theory of turbulence contains the power to
handle both random and deterministic elements of turbulence. In this sense, it belongs to a new generation
of turbulence theory connecting the statistical movement and the structural movement of the scientific study
of turbulence.

Brief Discussion of Computed Results

0. tht e 0. thomee _ T ke
[713 precent - ~ o = pr+3enl
0. 08 . — ¢ —ezperiment 6] . 03k t\\ \ ~ Tt —ezperiment[7
0. 06 0. 06+
0. 04 0. 04+
0. 02 0. 02
2 ' N
=
e i A i N | " N . L\ Y2
0 0.4 0.8 1.2 1.6 2024 0 6.4 0.8 1.2 1.6 2.0 2.4
Fig. 4 ‘.Ihrbulencc energy profiles in plane Fig. 5 Turbulence Energy Profiles in round
jts in stagnant surrounding Jts in sragnant surrounding

The computed and measured behaviours for the plane and round jets are compared in Figs. 4-6 and in
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table 3. The corresponding kinetic energy profiles shown in Figs. 4 and 5 are in satisfactory accord. The
difference in the shape of turbulence kinetic energy profiles between the round and plane jets is correctly re-
produced by numerical computations. The improvement of the k profile of the round jets, especially in the
near-axis region, is mainly attributable to the extra stretching term in the momentum equation. In the case
of round jets, the strength of the velocity decay in the near-axis region is far greater than for the plane jets.
Since the velocity decay effectively increases the kinetic energy production, the k profile of the round jets
exhibits a monotonic decrease from the axis while the k profile of the plane jets is like a hump with its maxi-
mum at y/y,2.=0. 65. The most interesting results appear in Table 3. The present computations show a
great improvement over the original ¥-& model and, in fact, the anomaly of the round jet/plane jet has been
solved.
The reason for the improvement of the spread Table 3 Rates of spread of plane jets

rate prediction is also due to the extra stretching term Flow Experiment gumll Pmenlx
in the momentum equation. The component of the mode maode
stretching term in y directiods (CsV/p)Q/K /3y . | Plane et 0.110 0. 109 0. 111
From Figs. 4—5 it is shown that this term is always | Round jt 0. 086 —0. 093 0.114 0. 092

negative and suppresses the rate of spread for the
round jet, but it is positive and helps to increase the
rate of spread within the region from the axis to y=
0. 65y,» for plane jet. Figure 6 shows the measured
and predicted dissipation profiles of the round jets.
Since there is no extra stretching term in the dissipa-
tion production G, of the present model, a hump-like
profile of dissipation has been cbtained. Otherwise , if
one puts the extra stretching term into G, the level of
¢ decreases monotonically from the axis, similar to
the & profile in the round jets. This gives an impor-
tant support for the view that Gx and G, should not
be equal and that G, should not contain the extra 0 0.5 1.0 1.5 2.0
stretching term in Gg.

Because the modelled differential equation for

Fig. 6 The measured and predictede profiies of the round jets

free turbulence yields demonstrably incorrect results (—— Pradicted by present model -— » —Exp. LDA
near a wall, various ad hoc functions (at least up to 5 data, energy balance -—-—— — Exp. HW data,en-
in number for k-¢ methods) are conventionally added ergy balance(8])

in an effort to eliminate this shortcoming. Since our present modified k-¢ method is based on a thorough
consideration of the nonlinearity of turbulent flow, the appearance of the proposed k-& method undergoes a
substantial change. Group I of Ggalways subtracts u;2Q%/4, which makes a great contribution to removing
the shortcoming that the original k-e& model considerably overpredicts the turbulent intensity and turbulent
~ viscosity in the near-wall region (y+<C40). The cut-off state of Gxand G.in the region of about y+t=10 also
offers an important contribution to the correct prediction in the near-wall region. An exciting discovery
arising from this improvement is that the same mod:fied k-&¢ method is effective for both free flow and near-
wall flow ! ‘

Figure 7 shows excellent agreement of the fric- ° 90418 .
tion factor C; and the pressure gradienparameter f Cs
= (4*/1,)dP/3z with the experimental measure-
ments for unseparated diffuser flows (case No. 0141
of 1981 Stanford Conference on Turbulent Flows). 9 092}
This case is a severe test of prediction methods for
turbulent boundary layer subjected to a strong adverse

pressure gradient. Since the onset of flow detachment 0 - . - A

in the separation process is related to skin-friction co- 1 - 3 x(m)
efflment C! as it approachf,s Zero, i_t is very impor- Fig. 7 The measured and predicied Cpand § distribution of an
tant that C; be well predicted. Various former k-e unseparated diffuser flow ( ¢ & ¢ measurements,
methods usually overestimate C,; by 100% or more ———=—k-emodel, ——present model,

near the detachment region. Using the present model Cyuakin-triction, f,pressure gradient parameter)

to calculate this case, excellent accord of the skin-friction, the velocity profiles and the Reynolds-stress dis-
tribution with experimental data is obtained. None of these three parameters differed by more than 10%
from the experimental data. A more interesting result is associated with the predicted g curve. This pres-
sure-gradient parameter exhibits a sharp change in slope at z=2. 50 then, after a region where it increases
steeply, a marked reduction in slope occurs at z=2, 70. It has been found through numerical tests that the
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first turning point exactly corresponds to the location where the kinetic energy production Gx departs from
its cut-off state, while the second point corresponds to the location where the dissipation production G, like-
wise departs from its cut-off state. The reason that G, departs from the cut-off state later than Gx is the
lack of extra stretching term in G.. ’ o

The modified k-¢ model has been found able to G -l isfhiitn
handle complex turbulent recirculating flows. Figure 0.8 __h_»
8 shows substantial improvement in the calculation of gl LN
a vortex field behind a triangular bluff-body. 1) The :
prediction of the vortex length increases by 22%
compared with the original model, which brings a-
greement with the actual length within 2%. This im-
provement may be mainly attributed to the negative
dispersion term in the momentum equation, which
causes_partial turbulent energy inversion within the
vortex edge region. 2) The turbulent intensity distri-
bution is greatly improved both within the vortex re-
gion by the extra rotation term and in the vortex tail
region by the extra stretching term. 3) The position  Fig.8 Computational result of wake vortex field
and scale of the voscous vortex core achieves good ac- behind a bluff-body
cord with Fujii’s experimental measurement using LDA®). The original k- model usually gives too large
viscosities and this moves the eye of the vortex too close to the body. These shortcomings have been re-
moved in the present model due to the combined action of all the extra anisotropic terms.

Some intermittent coherent structures of free shear flow and wall flow appear in the above calculation-
al results. If a finer calculational grid size were adopted, more details of the structures would be
available. )

Though the modified k-e model based on the dissipation-dispersion cooperative turbulence theory is still
need more testing and further adjustment, it has been shown capable of handling both complx free flows
and near-wall flows using the same equation and coefficients.

\ :

0.7 1.0 1.3 1.6
o= Stream line Stagnation point
A4 Energy inversion region s

N\ \
A\

N
\

L IO s
/2K “Turbu
0 0.2 0.4 g | roulencs Intensity

‘ Conclusion
Based on the disspation-dispersion cooperative concept, the k-&¢ model has undergone a thorough re-
examination. New extra terms representing respectively rotation, stretching and dispersion are introduced
not only Into the turbulent kinetic energy production Gx and dissipation production G, but also into the mo-
mentum equation. A series of complex problems of turbulence, such as anisotropy, extra effects of rotation
and stretching, coherent structures and turbulent energy inversion, are taken into consideration both in
physics and in modelling and tested by calculations.
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